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30. Compact Moduli of varieties

A
. canonically pol varieties

-

#A MNSED = [proj var X w/sksing's + Kxample sk = /c + nodes in codimt

B
. Fano varieties

K-moduli MKS := E proj K-ss Fano varieties]/ ~

k-s = klt

·features

· boundedness when fix dim +vol

·

proj moduli spaces w/ ample CM 10

·

works for pairs (x
,
P)

Goal construct moduli of CYs interpolates between K + KSBA



S1
. Boundary polarized CY pairs

Def a bpCY pair (X , D) is a proj variety X w/ Q-divison Ost

(X
,
0) sk, Kx + $200 ,

O is ample .

Examples Suc (minimal 10 center on dif modification)

= (IP
,

sextic) CIPY
,
=(seatic)

2 : 1 cover of
pair is a deg 23

# a) E elliptic curve 1 ample 16

(X = CpSE,t ,
D = divisor at c) ↑ E

b) (P
,

G ,
+ =Q) O (P'

,
(p, +- +py))

# .
(12 , Exyz = 04) ⑪ pt

*
I

Type: I # I

kit dim Src = 1 dim Src = O
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Previous approach to moduli

If (X
,
b) is a kIt 6pCy pair ,

then

· (X
,

(1 + c)0) KSBA stable can pol pair

·

(X
, (1-2(0) K-55 log Fano par

for O < &XX1.

So get compact moduli space for perturbed pair

MKSBA MK

general theory KX
,
Pir ADL

,
tho

(IP2, (a) Hac
,

HET ADL

↑xdx6

(X
,

(h + +L)) AUT Zhao

↓ <IP3 smooth cubic



MKSBA MK

·

Y K3 surface wy non-symp art

o of deg d
.

AEH
,

HE

Fix o = curve of genus gy, 1

T= Proj R(y
,

Fix of

X = T/ D = d

Goal construct M "interpolates M* and MKSBA

Q) What should M"

parametrice ? Naive Answer All pCY pairs/-

Issue tpCY w/ fixed dim +vol not bounded
-

Er· (IP2 Exyt-ol) we o me

YS

D

· (IP(a
,
b2

, (2)
, (xyz

= oh)a2 + b
+

+ c = 3abc



Def two ApCy pairs are s equivalent if they admit isofriv degens to a common 6pC pair

(X
,

b) (X'
,
D

id
(Xo

,Do
-

ex previous pairs are s-equivalent

Prop S - equivalence preserves Type + Src numerical invariants

Prop (ABBDILW) Exists a locally finite type alg stack param tpC pairs (X
,4)

w/ fixed numerical invariants.
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Main Results dimTC-dimT =2

M

Setup: (E ,
10) 1 T family of 6pC surface pairs over finite type scheme T

SM

M =

image (T moduli stack of pe pairs

Be

· concretely M"(K) = bpCY pairs that are limits of fibers of (C
,
0) -T

·Ma is not finite type in general
open' loci where (X

,
(112(b) is K-ss/KSBA stable

-·

open substacks -2 ↓

M
*
cu

* >MkSBA

admit proj - i

good moduli spaces
M MKSBA



Thm (B-Liu)

surj

Exists" morphism to a proj scheme e > M st

①M"(() = M
P (C) /us

② Exist wall crossing maps

MY = MC2 MISEA

③ Hodge line bundle is ample on M4

Note· Proved In ABBOILW when Xp = /P2 for tot general

·

Hodge 16 F : (X
, 4) : S family of tpCs

* Hodge ,
f

= fr Ox(r(kx + 1))v no sufficiently div

moduli divisor in MMP

· compactification is anologue of BB



ex (P2, elliptic curve) M
"

= P ,

j+ * !

j = 0 unbounded S-equir class

ex (IP2
,

E sextic M" = F,B

Thm For moduli of K3 surf wh non-symplectic automorphism
,
(MC)" = BB comp of period domain
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Construction of M

① bounded sub stacks

For mal
,

Mm = sub stack of M
"

param pairs (X
,
b) in M*(C)

w/ ind(kx) xmVx = X

Kollar
, Fujino to Mm finite type

② I morphism to good modulispace Mm : Mm for myo

By AHH
,

need to show Mm S-complex O-reductive

s -4

f

N

....... Ul

s0 : Mm

uses : ·
"

is S-complete + O-red CABBOILW)

· deformation theory of sk surfaces (KSB)

Gorenstein + sl = hypersurface sing



inclusions Mm(Munt1 < Mintz --

induce : Mmc Mm+> Mm +ze...

3
. Stabilization : for maso

,
MmaMunt, is

analyze loci :

Type I+I : loci in M" is bounded

Type : loci in Mm is discrete for my o

-
Show (X ,

D) type #bpC surface pair - admits isotriv degen to pair (Xo ,
Do

whose normalization tori

Set : MP := Mm for m >> 0



4. Hodge on M" is ample

Results on moduli divisor by Kaw
,

Amb
,

1401 * Hodge is ample assumingsrc of pants peMa have

maximal variation

Type I : trivially holds

Type # : need to show for each repair of dim I there are finitely many S-equi classes

Type # : holds since locus is discrete


